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In this paper we prove that a near difference set with parameters v=2(q+1),
k=q, *= 12 (q&1) may be constructed whenever q is an odd prime power.  1996
Academic Press, Inc.
1. Introduction
Let v, k and * be positive integers. A (v, k, *) cyclic difference set is a
set D=[d1 , d2 , ..., dk] of k distinct residues (mod v) such that for each
a0 (mod v) the congruence
di&dj #a (mod v)
has exactly * distinct solution pairs (di , dj), di , dj # D.
Let v=mn. In 1963 Butson [1] generalized cyclic difference sets by con-
sidering difference sets relative to the subgroup H=[0, m, 2m, ..., (n&1)m]
(mod v) of the additive group of integers (mod v). He defined a D(m, n, k, *)
relative difference set as a set D=[d1 , d2 , ..., dk] of k distinct residues
(mod v) such that
(i) For each a  H the congruence di&dj #a (mod v) has exactly *
solution pairs (di , dj), di , dj # D.
article no. 0044
153
0097-316596 18.00
Copyright  1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
File: 582A 263302 . By:BV . Date:04:02:00 . Time:13:11 LOP8M. V8.0. Page 01:01
Codes: 2696 Signs: 1956 . Length: 45 pic 0 pts, 190 mm
(ii) For each a # H, a0 (mod v) the congruence di&dj #a (mod v)
has no solution pairs (di , dj), di , dj # D.
The particular case in which v=2n, n>1 is of special interest. Suppose
that D=[d1 , d2 , ..., dk] is a set of k residues modulo v with the property
that for any residue a0, 12v (mod v) the congruence
di&dj#a (mod v)
has exactly * solution pairs (di , dj) with di , dj in D and no solution pairs
for the residue a# 12v (mod v). Then D is called a near difference set with
parameters v, k, *, see [4]. Although the study of relative difference sets
appeared much earlier than that of near difference sets, Ryser [4] did not
point out the relationship between relative difference sets and near dif-
ference sets.
The principal result in the present paper states that a near difference set
with parameters
v=2(q+1), k=q, *= 12 (q&1)
may be constructed whenever q is an odd prime power. Theorems 1 and 2
constitute the main steps in the proof.
2. Main Theorems
We consider first a class of relative difference sets with parameters (q+1,
q&1, q, 1) in a cyclic group of order q2&1. For q a prime power the exist-
ence of such relative difference sets is ensured by a construction of Elliott
and Butson [2, Theorem 5.1]. We prefer to employ a method of Ganley
and Spence [3, pp. 139140] to give an alternative construction. Specifi-
cally we prove the following theorem.
Theorem 1. If q is a prime power, then a cyclic (q+1, q&1, q, 1)
relative difference set exists.
Proof. Let q=pn for some prime p. The Galois field G=GF(q2) con-
tains as a subfield the Galois field F=GF(q). Let G* and F* be their
respective multiplicative groups. Then any generator, x, of G* satisfies a
monic irreducible equation over F. Moreover, since the elements of G* can
be expressed as powers of x we may write these elements in the form
xd=ax+b (a, b # F )
as d runs through the integers 0, 1, ..., q2&2. In particular, the power xq+1
is a generator of F* and induces a partitioning of the elements of G* into
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q+1 cosets each of which contains q&1 elements. Two powers xd1 and xd2
belong to the same coset if and only if d1 #d2 (mod q+1). One of the
cosets contains all elements of the form ax, a # F*. Each of the remaining
q cosets contains exactly one element of the form
ax+1=xd for some d (0dq2&2) (1)
as a runs through the elements of F.
Let D=[d1 , d2 , . . ., dq] be the q exponents which arise as powers in
relations of the form (1). We shall prove that D is the required relative
difference set with parameters q+1, q&1, q, 1.
We first show that the q(q&1) differences di&dj (i{j) are distinct
modulo q2&1. For simplicity suppose that d1 , d2 , d3 , d4 are four of the
exponents in D for which
xdi=aix+1 (ai # F, i=1, 2, 3, 4)
Then
xd1&d2=
a1x+1
a2x+1
, xd3&d4=
a3x+1
a4x+1
. (2)
If we assume that
d1&d2 #d3&d4 (mod q2&1)
it follows that
a1 x+1
a2 x+1
=
a3x+1
a4x+1
.
Solving for x we obtain the linear equation
(a1a4&a2a3)x+(a1+a4&a2&a3)=0
over F and this is impossible since x is a generator of G*.
It remains to prove that no one of the q&1 residues
1(q+1), 2(q+1), ..., (q&1)(q+1)
can occur amongst the q(q&1) differences di&dj , i{j, modulo q2&1.
Suppose, for example, that
d1&d2 # j(q+1) (mod q2&1) for some j, 1jq&1.
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From the first equation in (2) we get
a1x+1
a2x+1
=x j(q+1)=c (c # F ).
Solving for x we obtain the linear equation
(a1&ca2)x=c&1
over F. Again, this is impossible since the powers of x cannot generate G. K
Theorem 2. If q is an odd prime power, then there exists a cyclic relative
difference set with parameters (q+1, 2, q, 12 (q&1)).
Proof. Theorem 1 states that for every prime power q there exists a
cyclic relative difference set D(d1 , d2 , ..., dq) with parameters (q+1, q&1,
q, 1) in the cyclic group of integers modulo q2&1. There is no loss of
generality in assuming that 0di<q2&1, i=1, 2, ..., q. We now construct
a set D$(d $1 , d $2 , ..., d $q) corresponding to D and obtained by reducing the
integers in D modulo 2(q+1). Thus we have
di #d i$ (mod 2(q+1)), 0d i$<2(q+1), i=1, 2, ..., q.
We henceforth assume that q is an odd prime power.
We shall prove that D$(d $1 , d $2 , ..., d $q) is a cyclic relative difference set
with parameters (q+1, 2, q, 12 (q&1)).
We partition the sequence of q2&1 consecutive integers from 1 to q2&1
into 12(q&1) sequences of consecutive integers as follows:
1, ..., 2(q+1); 2q+3, ..., 4(q+1); 4q+5, ..., 6(q+1); } } } ;
(q&3)q+(q&2), ..., (q&1)(q+1).
Let a (1a2(q+1)) denote one of the integers in the first sequence.
Then a+2(n&1)(q+1) (n=1, 2, ..., 12 (q&1)) is the corresponding integer
in the n th sequence.
Let D(d1 , d2 , ..., dq) denote the relative difference set of Theorem 1. For
each of the 12 (q&1) values of n the congruence
di&dj #a+2(n&1)(q+1) (mod q2&1), 0di , dj<q2&1
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has exactly one solution if a0 (mod q+1) and no solutions if a=q+1
or 2(q+1). It follows that the corresponding congruence
d i$&d j$#a (mod 2(q+1)), 0d i$ , d j$<2(q+1)
has exactly 12 (q&1) solutions if a0 (mod q+1) and no solutions if
a=q+1 or 2(q+1). This completes the proof of Theorem 2. K
Finally, we reformulate Theorem 2 as follows:
Theorem 3. Let q denote an odd prime power. Then a near difference set
with parameters
v=2(q+1), k=q, *= 12 (q&1)
may be constructed.
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